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𝑈1, 𝑈2, … . . , 𝑈𝑁
𝑢1, 𝑢2, … . . , 𝑢𝑁}

�̅� =
1

𝑁
∑ 𝑦𝑖
𝑁
𝑖=1

𝑦𝑖 𝑥𝑖 𝑦

𝑥 𝑖𝑡ℎ  𝑥

𝑥𝑖 ∀ 𝜖

�̅� =
1

𝑁
∑ 𝑥𝑖
𝑁
𝑖=1

 𝑛 (𝑛 < 𝑁 ̄

𝑅𝐶  𝑖 𝜖 𝑅

𝑦𝑖  𝑖𝜖𝑅𝐶 , 𝑦𝑖

𝑥 𝜖

𝑦.𝑖= {
𝑦𝑖                       𝑖𝑓       𝑖𝜖𝑅
�̂�𝑖                       𝑖𝑓       𝑖𝜖𝑅

𝑐 

�̂�𝑖 𝑖𝑡ℎ

Y̅) 

           �̅�𝑠 =
1

𝑛
∑ 𝑦.𝑖𝑖𝜖𝑠𝑛 =

1

𝑛
[∑ 𝑦.𝑖𝑖𝜖𝑅 + ∑ 𝑦.𝑖𝑖𝜖𝑅𝑐 ] =

1

𝑛
[∑ 𝑦𝑖𝑖𝜖𝑅 + ∑ �̂�𝑖𝑖𝜖𝑅𝑐 ]

 �̂�𝑖

�̅� �̅� 𝑥 𝑦

�̅�𝑟
�̅�𝑛
�̅�𝑟

𝜌𝑦𝑥 
 𝑆𝑦𝑥

𝑆𝑦𝑆𝑥
𝑦  𝑥



 

 

𝑆𝑦𝑥 =
1

𝑁−1
∑ (𝑦𝑖 − �̅�)(𝑥𝑖 − �̅�)
𝑁
𝑖=1 𝑦  𝑥

𝑆𝑦
2 =

1

𝑁−1
∑ (𝑦𝑖 − �̅�)

2𝑁
𝑖=1  𝑦

𝑆𝑥
2 =

1

𝑁−1
∑ (𝑥𝑖 − �̅�)

2𝑁
𝑖=1  𝑥

𝐶𝑦=
 𝑆𝑦

�̅�
 𝐶𝑥=

 𝑆𝑥

�̅�
𝑦  𝑥

�̅�𝑟 = �̅� (1 + 𝜀𝑜), �̅�𝑟 = �̅� (1 + 𝛿𝑜),   �̅�𝑛 = �̅� (1 + 𝜂𝑜)

𝜀𝑜) = 𝐸(𝛿𝑜) = 𝐸(𝜂𝑜) = 0

𝜀𝑜
2) = (

1

𝑟
−

1

𝑁
)𝐶𝑦

2 𝛿𝑜
2) = (

1

𝑟
−

1

𝑁
)𝐶𝑥

2 𝜀𝑜𝛿𝑜) = (
1

𝑟
−

1

𝑁
)𝜌𝑥𝑦𝐶𝑥𝐶𝑦

𝜂𝑜
2) = (

1

𝑛
−

1

𝑁
)𝐶𝑥

2 𝛿𝑜𝜂𝑜) =  (
1

𝑛
−

1

𝑁
)𝐶𝑥

2 𝜀𝑜𝜂𝑜) = (
1

𝑛
−

1

𝑁
)𝜌𝑥𝑦𝐶𝑥𝐶𝑦

𝑦𝑖,𝑚 = {
𝑦𝑖                            𝑖𝑓           𝑖𝜖𝑅
�̅�𝑟                           𝑖𝑓          𝑖𝜖𝑅

𝑐

�̅�𝑚 =
1

𝑟
∑ 𝑦𝑖𝑖𝜖𝑅 = �̅�𝑟  

 �̅�𝑚

𝑉 ( �̅�𝑚)  =  𝑉 ( �̅�𝑟)  =  (
1

𝑟
−

1

𝑛
) �̅�2𝐶𝑦

2

𝑥

𝑦𝑖,𝑅 = {
  𝑦𝑖                       𝑖𝑓       𝑖𝜖𝑅   

�̂�𝑥𝑖                     𝑖𝑓       𝑖𝜖𝑅
𝑐

�̂� =   
∑ 𝑦𝑖 𝑖 𝜖 𝑅

∑ 𝑥𝑖𝑖𝜖𝑅



 

 𝑡𝑅 = �̅�𝑟 (
�̅�𝑛

�̅�𝑟
) = �̅�𝑅𝐴𝑇

𝑡𝑅

𝐵(𝑡𝑅) = (
1

𝑟
−

1

𝑛
) �̅� C𝑥(𝐶𝑥 − 𝜌𝐶𝑦)

MSE ( �̅�𝑅𝐴𝑇)  = 𝑉( �̅�𝑟) + (
1

𝑟
−

1

𝑛
) �̅�2C𝒙(𝐶𝑥 − 2 𝜌𝐶𝑦)

𝜌𝐶𝑦/𝐶𝑥)

𝑦𝑖,𝑅𝐸𝐺 = {
  𝑦𝑖                                 𝑖𝑓       𝑖𝜖𝑅 

𝑎 + 𝑏𝑦𝑥𝑥𝑖                  𝑖𝑓       𝑖𝜖𝑅
𝑐

𝑎 =  �̅�𝑟 − 𝑏𝑦𝑥  �̅�𝑟 𝑏𝑦𝑥 =
𝑆𝑦𝑥

𝑆𝑥
2

Y̅

�̅�𝑅𝐸𝐺 =  �̅�𝑟 + 𝑏𝑦𝑥(�̅�𝑛 −  �̅�𝑟)

�̅�𝑅𝐸𝐺

𝐵(�̅�𝑅𝐸𝐺) =
𝜌𝑦𝑥𝐶𝑦

𝐶𝑥�̅�
 (
1

𝑟
−

1

𝑛
) Y̅ (

𝜇300

𝜇200
−
𝜇210

𝜇110
)

𝜇𝑎𝑏𝑐 = ∑ (𝑥𝑖 − �̅�)
𝑎𝑁

𝑖=1 (𝑦𝑖 − �̅�)
𝑏(𝑧𝑖 − �̅�)

𝑐

M(�̅�𝑅𝐸𝐺) = (
1

𝑛
−

1

𝑁
) 𝑆𝑦

2 + (
1

𝑟
−

1

𝑛
) 𝑆𝑦

2𝜌𝑦𝑥
2

𝑦.𝑖 = {
(𝛼𝑛 𝑟⁄ )𝑦𝑖 + (1 − 𝛼)�̂�𝑥𝑖                  𝑖𝑓       𝑖𝜖𝑅 

(1 − 𝛼)�̂�𝑥𝑖                                           𝑖𝑓       𝑖𝜖𝑅
𝑐

�̅�𝑐𝑜𝑚𝑝 = [αy̅r + (1 − α)y̅r
x̅n

x̅r
]

𝛼 𝛼∗ = 1 − 𝜌𝑦𝑥 (
𝐶𝑦

𝐶𝑥
)

�̅�𝑐𝑜𝑚𝑝

𝐵(�̅�𝐶𝑂𝑀𝑃) =  (1 − α) (
1

𝑟
−

1

𝑛
) Y̅ C𝒙(𝐶𝑥 − 𝜌𝑦𝑥 𝐶𝑦)

𝛼∗ �̅�𝑐𝑜𝑚𝑝 



 

 

      Mmin(y̅COMP) =  MSE(�̅�𝑅𝐴𝑇) − (
1

𝑟
−

1

𝑛
) Y̅2(𝐶𝑥  − 𝜌𝑦𝑥 𝐶𝑦) 

2

𝑦.𝑖 = {
  𝑦𝑖                                                 𝑖𝑓       𝑖𝜖𝑅  

y̅r [n (
�̅�𝑛

�̅�𝑟
)
α
− r ]

𝑥𝑖

∑ 𝑥𝑖iϵRc
          𝑖𝑓       𝑖𝜖𝑅𝑐

 �̅�𝑆𝐷 = y̅r (
x̅n

x̅r
)
α

𝛼 𝛼 𝛼∗ 𝜌𝑦𝑥 (
𝐶𝑦

𝐶𝑥
)

�̅�𝑆𝐷

𝐵(�̅�𝑆𝐷) = (
1

𝑟
−

1

𝑛
) Y̅ (

β(β−1)

2
Cx
2 − 𝜌𝑦𝑥 𝐶𝑦𝐶𝑥)

  𝛼∗    �̅�𝑆𝐷

 MSEmin(y̅SD) =  MSE(�̅�𝑅𝐴𝑇) − (
1

𝑟
−

1

𝑛
) Sx

2 (
𝑆𝑦𝑥

Sx
2 −

Y̅

X̅
)
𝟐

Y̅

𝑦.𝑖 = {
  𝑦𝑖                                                             𝑖𝑓       𝑖𝜖𝑅

�̅�𝑟 [
(𝑛−𝑟)�̅�𝑛+𝛼𝑟(�̅�𝑛−�̅�𝑟)

𝛼�̅�𝑟+ (1−𝛼)�̅�𝑛
]

𝑥𝑖

∑ 𝑥𝑖𝑖𝜖𝑅𝑐
             𝑖𝑓       𝑖𝜖𝑅𝑐

�̅�𝑠𝑖𝑛𝑔ℎ  =  
�̅�𝑟�̅�𝑛

𝛼�̅�𝑟+ (1−𝛼)�̅�𝑛

𝛼 𝛼∗ 𝜌𝑦𝑥

�̅�𝑠𝑖𝑛𝑔ℎ

𝐵(�̅�𝑠𝑖𝑛𝑔ℎ) = Y̅ [(
1

𝑛
−

1

𝑁
)𝜌𝑦𝑥 𝐶𝑦𝐶𝑥 + 𝛼

2 (
1

𝑟
−

1

𝑛
) 𝑐𝑥

2 + (1 − 𝛼)2 (
1

𝑛
−

1

𝑁
) 𝑐𝑥

2 −

𝛼 {(
1

𝑟
−

1

𝑛
)𝜌𝑦𝑥 𝐶𝑦𝐶𝑥 + (

1

𝑛
−

1

𝑁
) 𝑐𝑥

2} + 2𝛼(𝛼 − 1) (
1

𝑛
−

1

𝑁
) 𝑐𝑥

2 − (1 − 𝛼) (
1

𝑛
−

  
1

𝑁
) (𝜌𝑦𝑥 𝐶𝑦𝐶𝑥 + 𝑐𝑥

2)]

𝛼  𝛼∗    �̅�𝑆𝑖𝑛𝑔ℎ

MSEmin(y̅Singh) =  MSE(�̅�𝑅𝐴𝑇) − (
1

𝑟
−

1

𝑛
) Sx

2 (
𝑆𝑦𝑥

Sx
2 −

Y̅

X̅
)
𝟐



 

𝑦𝑖,𝐷𝑃1 = {

 𝑛 𝑦𝑖

𝑟
+  𝑏(X̅ −   𝑥𝑖  )        𝑖𝑓       𝑖𝜖𝑅

 𝑏(X̅ −   𝑥𝑖  )              𝑖𝑓       𝑖𝜖𝑅
𝑐

𝑦𝑖,𝐷𝑃2 = {

 𝑛 𝑦𝑖

𝑟
− b 

 𝑛 𝑥𝑖

𝑟
       𝑖𝑓       𝑖𝜖𝑅

 𝑏 
𝑛X̅

𝑛−𝑟
             𝑖𝑓       𝑖𝜖𝑅𝑐

𝑦𝑖,𝐷𝑃3 = {

 𝑛 𝑦𝑖

𝑟
− b 

 𝑛 𝑥𝑖

𝑟
       𝑖𝑓       𝑖𝜖𝑅

 𝑏 
𝑛�̅�𝑛

𝑛−𝑟
             𝑖𝑓       𝑖𝜖𝑅𝑐

�̅�𝐷𝑃1 =  �̅�𝑟 + 𝑏(X̅ − �̅�𝑛)

�̅�𝐷𝑃2 =  �̅�𝑟 + 𝑏(X̅ − �̅�𝑟)

 �̅�𝐷𝑃3 =  �̅�𝑟 + 𝑏(�̅�𝑛 − �̅�𝑟)

  MSE(�̅�𝐷𝑃1) = 𝑆𝑦
2 [(

1

𝑛
−

1

𝑁
) (1 − 𝜌𝑦𝑥 ) 

2 + (
1

𝑟
−

1

𝑛
)]

MSE(�̅�𝐷𝑃2)  = 𝑆𝑦
2 (

1

𝑟
−

1

𝑁
) (1 − 𝜌𝑦𝑥 ) 

2

MSE(�̅�𝐷𝑃3) = 𝑆𝑦
2 [(

1

𝑛
−

1

𝑁
) + (

1

𝑟
−

1

𝑛
) (1 − 𝜌𝑦𝑥 ) 

2]

𝑦.𝑖 = {
𝑦𝑖                                                𝑖𝑓       𝑖𝜖𝑅

�̅�𝑟 [𝑛 (
𝛼−�̅�𝑟

𝛼−�̅�𝑛
)]

𝑥𝑖

∑ 𝑥𝑖𝑖𝜖𝑅𝑐
              𝑖𝑓       𝑖𝜖𝑅𝑐  

 

𝛼

𝛼 = 0 y̅Gira = y̅Ratio

�̅�𝐺𝑖𝑟𝑎 = �̅�𝑟
𝛼−�̅�𝑟

𝛼−�̅�𝑛

𝐵(�̅�𝐺𝑖𝑟𝑎) = −
�̅��̅�

𝛼−�̅�
(
1

𝑟
−

1

𝑛
)𝜌𝑦𝑥 𝐶𝑦𝐶𝑥

𝛼 = �̅�{𝐶𝑥(𝜌𝑦𝑥 𝐶𝑦)
−1
− 1}

   �̅�𝐺𝑖𝑟𝑎

M(y̅Gira) =  V(y̅m) − (
1

𝑟
−

1

𝑛
) Y̅2Cy

2𝜌𝑦𝑥
2



 

 

�̅�

�̅�𝑛

       𝑦.𝑖1     = {

𝑦𝑖                                                                                    𝑖𝑓       𝑖𝜖𝑅

𝑛�̅�𝑟
𝑛 − 𝑟

[{2 − (
 �̅�𝑛

�̅�
 )
𝑘

} + 𝛽1(�̅� − �̅�𝑛) − 𝑟]               𝑖𝑓       𝑖𝜖𝑅
𝑐  
  

�̅�

𝑦 ̅𝐾𝐵1 = �̅�𝑟 {2 − (
 �̅�𝑛

�̅�
 )
𝑘

} + 𝛽1(�̅� − �̅�𝑛)                                     (4.1)

�̅�

�̅�𝑟

         𝑦.𝑖2 = {  

 𝑦𝑖                                                                                        𝑖𝑓      𝑖𝜖𝑅

𝑛�̅�𝑟
𝑛 − 𝑟

    [{2 − (
 �̅�𝑟

�̅�
 )
𝑘

} + 𝛽1(�̅� − �̅�𝑟) − r]            𝑖𝑓       𝑖𝜖𝑅
𝑐  
    

�̅�

           �̅�𝐾𝐵2 = �̅�𝑟 {2 − (
 �̅�𝑟

�̅�
 )
𝑘
} + 𝛽1(�̅� − �̅�𝑟)

�̅�

�̅�𝑛 , �̅�𝑟

 𝑦.𝑖3 = {

𝑦𝑖                                                                                               𝑖𝑓       𝑖𝜖𝑅

𝑛�̅�𝑟
𝑛 − 𝑟

[{2 − (
 �̅�𝑟
 �̅�𝑛
 )
𝑘

} + 𝛽1(�̅�𝑛 − �̅�𝑟) − 𝑟]                  𝑖𝑓       𝑖𝜖𝑅
𝑐  
               

�̅�

 �̅�𝐾𝐵3 = �̅�𝑟 {2 − (
 �̅�𝑟

 �̅�𝑛
 )
𝑘
} + 𝛽1(�̅�𝑛 − �̅�𝑟)

𝑦 ̅𝐾𝐵i,(𝑖=1,2&3) 

 

�̅�𝑀𝑖 𝑖 =

1,2 𝑎𝑛𝑑 3

Bias (�̅�𝐾𝐵𝑖) = �̅�𝑓𝑖𝐶𝑥
2 𝑘

2
[1 − 𝑘 − 2𝜌𝑥𝑦

𝐶𝑦

𝐶𝑥
]

𝑘 =
𝜌𝑥𝑦𝑆𝑦−𝛽1𝑆𝑥

𝑅𝑆𝑥



 

𝑓1 = 𝑓𝑛, 𝑓2 = 𝑓𝑟 , 𝑓3 = 𝑓𝑟𝑛

𝑇𝐾𝐵𝑖 , 

 𝑖 = 1,2,3

𝑀𝑆𝐸(𝑇𝐾𝐵𝑖) =  [𝑓𝑟𝑆𝑦
2 + 𝑓𝑖 (

𝑆𝑥
2(𝑘𝑅 + 𝛽1)

2 − 2𝜌𝑥𝑦𝑆𝑥𝑆𝑦(𝑘𝑅 + 𝛽1)
                                           

)]      

                     i =  1,2,3…… ..                                                                                       (4.5)

𝑘 =
𝜌𝑥𝑦𝑆𝑦 − 𝛽1𝑆𝑥

𝑅𝑆𝑥

𝑅 =
�̅�

�̅�
𝛽1 =

𝑆𝑥
2

𝑆𝑥𝑆𝑦

   𝑓𝑛 = (
1

𝑛
−

1

𝑁
) , 𝑓𝑟 = (

1

𝑟
−

1

𝑁
)    &   𝑓𝑟𝑛 = (

1

𝑟
−

1

𝑛
)

Min MSE(�̅�𝐾𝐵𝑖) = 𝑆𝑦
2[𝑓𝑟 − 𝑓𝑖 ∗ 𝜌𝑥𝑦

2]

�̅�

�̅�𝑛

𝑦.𝑖1 =

{
 

 
𝑦𝑖                                                                                                          𝑖𝑓       𝑖𝜖𝑅

1

𝑛 − 𝑟
[[𝑛𝛾1�̅�𝑟 {2 − (

 �̅�𝑛

�̅�
 )
𝑘

}] + 𝛽1(�̅� − �̅�𝑛) − �̅�𝑟 𝑟]               𝑖𝑓       𝑖𝜖𝑅
𝑐 
   

�̅�

�̅�𝐾𝑁1 = [𝛾1�̅�𝑟 {2 − (
 �̅�𝑛

�̅�
 )
𝑘
}] + 𝛽1(�̅� − �̅�𝑛)

�̅�

�̅�𝑟

𝑦.𝑖2 = {  

 𝑦𝑖                                                                                                    𝑖𝑓        𝑖𝜖𝑅

1

𝑛 − 𝑟
    [𝑛𝛾1�̅�𝑟 {2 − (

 �̅�𝑟

�̅�
 )
𝑘

} + 𝛽1(�̅� − �̅�𝑟) − �̅�𝑟 r]            𝑖𝑓       𝑖𝜖𝑅
𝑐 
    



 

 

�̅�

�̅�𝐾𝑁2 = [𝛾1�̅�𝑟 {2 − (
 �̅�𝑟

�̅�
 )
𝑘
}] + 𝛽1(�̅� − �̅�𝑟)

�̅�

�̅�𝑛 , �̅�𝑟

𝑦.𝑖3 = {

𝑦𝑖                                                                                                    𝑖𝑓         𝑖𝜖𝑅

1

𝑛 − 𝑟
[𝑛𝛾1�̅�𝑟 {2 − (

 �̅�𝑟
 �̅�𝑛
 )
𝑘

} + 𝛽1(�̅�𝑛 − �̅�𝑟) − �̅�𝑟𝑟]              𝑖𝑓       𝑖𝜖𝑅
𝑐 
              

�̅�

   �̅�𝐾𝑁3 = [𝛾1�̅�𝑟 {2 − (
 �̅�𝑟

 �̅�𝑛
 )
𝑘
}] + 𝛽1(�̅�𝑛 − �̅�𝑟)

 �̅�𝐾𝑁𝑖 𝑖 =

1,2 𝑎𝑛𝑑 3

 Bias (�̅�𝐾𝑁𝑖)  =   [(𝛾1 − 1) − 𝑘𝑓𝑖 {𝐶𝑦
2 − 

(𝑘−1)

2
 𝐶𝑥
2}]                  

𝑘 =
𝜌𝑥𝑦𝑆𝑦−𝛽1𝑆𝑥

𝑅𝑆𝑥

𝑓1 = 𝑓𝑛, 𝑓2 = 𝑓𝑟 , 𝑓3 = 𝑓𝑟𝑛

  �̅�𝐾𝑁𝑖 𝑖 = 1,2 and 3

MSE (�̅�𝐾𝑁𝑖)  =  �̅�2(𝛾1
2𝐴𝑖 − 2𝛾1𝐵𝑖 + 𝐶𝑖)            i = 1,2,3…… ..       

𝑘 =
𝜌𝑥𝑦𝑆𝑦 − 𝛽1𝑆𝑥

𝑅𝑆𝑥
𝐴𝑖 = 1 + 𝑓𝑟𝐶𝑦

2 + 𝑓𝑖(𝑘𝐶𝑥
2 − 4𝑘𝜌𝑥𝑦𝐶𝑥𝐶𝑦)

𝐵𝑖 = 1 − 𝑓𝑖(𝑘𝜌𝑥𝑦𝐶𝑥𝐶𝑦 − 𝑘𝛽1
�̅�

�̅�
𝐶𝑥
2 + 𝛽1

�̅�

�̅�
𝜌𝑥𝑦𝐶𝑥𝐶𝑦 −

𝑘(𝑘 − 1)

2
𝐶𝑥
2)

𝐶𝑖 =  1 + 𝛽1
2
�̅�2

�̅�2
𝑓𝑖𝐶𝑥

2

 𝛾1𝑜𝑝𝑡 =
𝐵𝑖

𝐴𝑖

𝑀𝑖𝑛 𝑀𝑆𝐸(�̅�𝐾𝑁𝑖) =  �̅�
2 (𝐶𝑖 −

𝐵𝑖
2

𝐴𝑖
).



 

V(y̅r) − MSE(y̅KB1)  = (
1

n
−

1

N
) ρxy

2 Sy
2 ≥ 0

MSE(y̅REG) − MSE(y̅KB1)  = (
2

n
−
1

r
−
1

N
)ρxy

2 Sy
2 ≥ 0

MSE(y̅DP1) − MSE(y̅KB1)  =  0

MSE(y̅DP2) − MSE(y̅KB1)  =  (
1

n
−
1

r
) ρxy

2 Sy
2 ≥ 0

MSE(y̅DP3) − MSE(y̅KB1)  = (
2

n
−
1

r
−

1

N
) ρxy

2 Sy
2 ≥ 0

MSE(y̅GIRA) − MSE(y̅KB1)  = (
2

n
−
1

r
−
1

N
)ρxy

2 Sy
2 ≥ 0

V(y̅r) − MSE(y̅KB2)  =  (
1

r
−

1

N
) ρxy

2 Sy
2 ≥ 0

MSE(y̅REG) − MSE(y̅KB2) = (
1

n
−
1

N
) ρxy

2 Sy
2 ≥ 0

MSE(y̅DP1) − MSE(y̅KB2)  = (
1

r
−
1

n
)ρxy

2 Sy
2 ≥ 0

MSE(y̅DP2) − MSE(y̅KB2)  = 0

MSE(y̅DP3) − MSE(y̅KB2)  =  (
1

n
−
1

N
) ρxy

2 Sy
2 ≥ 0

MSE(y̅GIRA) − MSE(y̅KB2)  = (
1

n
−
1

N
)ρxy

2 Sy
2 ≥ 0

V(y̅r) − MSE(y̅KB3)  =  (
1

r
−

1

n
) ρxy

2 Sy
2 ≥ 0

MSE(y̅REG) − MSE(y̅KB3) = 0

MSE(y̅DP1) − MSE(y̅KB3)  =  (
1

r
+
1

𝑁
−
2

n
)ρxy

2 Sy
2 ≥ 0

MSE(y̅DP2) − MSE(y̅KB3)  = (
1

N
−
1

n
)ρxy

2 Sy
2 ≥ 0

MSE(y̅DP3) − MSE(y̅KB3) = 0
MSE(y̅GIRA) − MSE(y̅KB3)  =  0

MSE(y̅𝐾𝐵1) − MSE(y̅KB2)  =  (
1

r
−
1

N
) ρxy

2 Sy
2 ≥ 0

MSE(y̅𝐾𝐵3) − MSE(y̅KB2)  = (
1

n
−
1

N
)ρxy

2 Sy
2 ≥ 0

MSE(y̅𝐾𝐵1) − MSE(y̅KB3)  = (
1

r
+
1

N
−
2

𝑛
) ρxy

2 Sy
2 ≥ 0

y̅𝐾𝐵2 y̅𝐾𝐵1 y̅𝐾𝐵3
y̅𝐾𝐵3 y̅𝐾𝐵1 𝒓 <

𝒏𝑵

𝟐𝑵−𝒏



 

 

𝑃𝑅𝐸(�̅�𝐾𝐵𝑖 , �̅�𝑟) =
𝑀𝑆𝐸(�̅�𝑟)

𝑀𝑆𝐸(�̅�𝐾𝐵𝑖)
× 100     𝑎𝑛𝑑     𝑃𝑅𝐸(�̅�𝐾𝑁𝑖 , �̅�𝑟) =

𝑀𝑆𝐸(�̅�𝑟)

𝑀𝑆𝐸(�̅�𝐾𝑁𝑖)
× 100

𝑦

𝑥 

𝑦 𝑥

𝑥

𝑦 𝑥,

𝑁

𝑛

𝑟

�̅�

�̅�

𝑆𝑦
𝑆𝑋
𝜌𝑥𝑦



 

𝑦

𝑥

  

�̅�𝑟

�̅�𝑅𝐴𝑇1

�̅�𝑅𝐸𝐺1

�̅�𝑆𝐻1

�̅�𝑆𝐷1

�̅�𝑆𝐼𝑁𝐺𝐻1

�̅�𝐷𝑃1

�̅�𝐺𝐼𝑅𝐴1

�̅�𝐾𝐵1(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

�̅�𝐾𝑁1(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

   �̅�𝑟 

 �̅�𝑅𝐴𝑇2

 �̅�𝑅𝐸𝐺2

�̅�𝑆𝐻2

�̅�𝑆𝐷2

�̅�𝑆𝐼𝑁𝐺𝐻2

 �̅�𝐷𝑃2

�̅�𝐺𝐼𝑅𝐴2

�̅�𝐾𝐵2(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

�̅�𝐾𝑁2(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

   �̅�𝑟

�̅�𝑅𝐴𝑇3

�̅�𝑅𝐸𝐺3

�̅�𝑆𝐻3

�̅�𝑆𝐷3

�̅�𝑆𝐼𝑁𝐺𝐻3

�̅�𝐷𝑃3

�̅�𝐺𝐼𝑅𝐴3

�̅�𝐾𝐵3(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

�̅�𝐾𝑁3(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)



 

 

 �̅�𝑟

�̅�𝑅𝐴𝑇1

�̅�𝑅𝐸𝐺1

�̅�𝑆𝐻1

�̅�𝑆𝐷1

�̅�𝑆𝐼𝑁𝐺𝐻1

 �̅�𝐷𝑃1

�̅�𝐺𝐼𝑅𝐴1

�̅�𝐾𝐵1(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

�̅�𝐾𝑁1(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

�̅�𝑟

�̅�𝑅𝐸𝐺2

�̅�𝑆𝐻2

�̅�𝑆𝐷2

�̅�𝑆𝐼𝑁𝐺𝐻2

 �̅�𝐷𝑃2

�̅�𝐺𝐼𝑅𝐴2

�̅�𝐾𝐵2(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

�̅�𝐾𝑁2(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

 �̅�𝑟

�̅�𝑅𝐴𝑇3

�̅�𝑅𝐸𝐺3

�̅�𝑆𝐻3

�̅�𝑆𝐷3

�̅�𝑆𝐼𝑁𝐺𝐻3

 �̅�𝐷𝑃3

�̅�𝐺𝐼𝑅𝐴3

�̅�𝐾𝐵3(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

�̅�𝐾𝑁3(𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)



 

𝑁 =  500 𝑦

𝑥

𝑦  𝜌𝑦𝑥  =

 0.6, 0.7, 0.8 0.9 (𝑦, 𝑥)

𝑛 = 50

𝑟 = 30

𝑁 =  200

𝑦 𝑥 𝑦

𝜌𝑦𝑥  =  0.6, 0.7, 0.8 0.9

(𝑦, 𝑥)

𝑛 =  26 𝑟 =  21

𝑛

𝑛 𝑁

(𝑛 − 𝑟)

𝑀𝑆𝐸(𝑇𝑗) =
1

50000
∑ (𝑇𝑗(𝑠𝑖) − �̅�)

2
50000

𝑖=1

      𝑗 = 0, 1 ,2, 3

𝑃𝑅𝐸(𝑇𝑗) =
𝑀𝑆𝐸(𝑇0)

𝑀𝑆𝐸(𝑇𝑗)
× 100      𝑗 = 1, 2, 3

50,000

�̅�𝑟

�̅�𝑅𝐴𝑇

�̅�𝑅𝐸𝐺

(�̅�𝐾𝑁𝑖)  



 

 

�̅�𝑟

�̅�𝑅𝐴𝑇

�̅�𝑅𝐸𝐺

(�̅�𝐾𝑁𝑖)  

�̅�𝑆𝐻) �̅�𝑆𝐷) �̅�𝑆𝑖𝑛𝑔ℎ) 

�̅�𝐷𝑃𝑖) �̅�𝐺𝐼𝑅𝐴) �̅�𝐾𝐵𝑖)

�̅�𝑲𝑩𝟏, �̅�𝑲𝑩𝟐 𝑎𝑛𝑑 �̅�𝑲𝑩𝟑)

�̅�𝑲𝑵𝟏, �̅�𝑲𝑵𝟐 𝑎𝑛𝑑 �̅�𝑲𝑵𝟑)

�̅�𝑲𝑵𝟏, �̅�𝑲𝑵𝟐 𝑎𝑛𝑑 �̅�𝑲𝑵𝟑)

�̅�𝑴𝟏, �̅�𝑴𝟐 𝑎𝑛𝑑 �̅�𝑴𝟑)

�̅�𝑲𝑵𝟏, �̅�𝑲𝑵𝟐 𝑎𝑛𝑑 �̅�𝑲𝑵𝟑)



 

�̅�𝐾𝑁1 �̅�𝑆𝐻(I) �̅�𝑆𝐷(I) �̅�𝐷𝑃(I)

 �̅�𝐾𝑁2 �̅�𝑆𝐻(II) �̅�𝑆𝐷(II) �̅�𝐷𝑃(II)

�̅�𝐾𝑁3 �̅�𝑆𝐻(III)

�̅�𝑆𝐷(III) �̅�𝐷𝑃(III)

�̅�𝑲𝑵𝟏, �̅�𝑲𝑵𝟐 𝑎𝑛𝑑 �̅�𝑲𝑵𝟑)

�̅�𝑲𝑵𝟏, �̅�𝑲𝑵𝟐 𝑎𝑛𝑑 �̅�𝑲𝑵𝟑)

http://dx.doi.org/10.1080/03610920701855020
http://dx.doi.org/10.1080/03610920903009400
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�̅�𝐾𝑁1

  �̅�𝐾𝑁1 = �̅�(1 + 𝜀𝑜)[2 − (1 + 𝜂𝑜)
𝐾] − 𝛽1�̅�𝜂𝑜

�̅�(1 + 𝜀𝑜) [2 − (1 + 𝐾𝜂𝑜 +
𝐾(𝐾−1)

2
 𝜂𝑜
2 +⋯)] − 𝛽1�̅�𝜂𝑜

�̅�(1 + 𝜀𝑜) (1 − 𝐾𝜂𝑜 −
𝐾(𝐾−1)

2
 𝜂𝑜
2 +⋯) − 𝛽1�̅�𝜂𝑜

�̅� (1 + 𝜀𝑜 − 𝐾𝜂𝑜 − 𝐾𝜀𝑜𝜂𝑜 −
𝐾(𝐾−1)

2
 𝜂𝑜
2 − 𝛽1

�̅�

�̅�
𝜂𝑜 + 𝑂(𝜀𝑜

2))

𝐵(�̅�𝐾𝑁1) =  𝐸(�̅�𝐾𝑁1 − �̅�)

�̅�𝐸 (𝜀𝑜 − 𝐾𝜂𝑜 − 𝐾𝜀𝑜𝜂𝑜 −
𝐾(𝐾−1)

2
𝜂𝑜
2  − 𝛽1

�̅�

�̅�
𝜂𝑜)

i = 1

�̅�𝐾𝑁𝑖  (𝑖 = 2 & 3)

�̅�𝑀1

𝑀𝑆𝐸 (�̅�𝐾𝑁1)  =  𝐸(�̅�𝐾𝑁1 − �̅�) 
2

�̅�2𝐸 [𝜀𝑜 −𝐾𝜂𝑜 − 𝐾𝜀𝑜𝜂𝑜 −
𝐾(𝐾−1)

2
𝜂𝑜
2  − 𝛽1

�̅�

�̅�
𝜂𝑜]

2

=  �̅�2𝐸 [𝜀𝑜
2 + 𝐾2𝜂𝑜

2 + 𝛽1
2 �̅�

2

�̅�2
𝜂𝑜
2 − 2𝐾𝜀𝑜𝜂𝑜 + 2𝐾𝛽1

�̅�

�̅�
𝜂𝑜
2 − 2𝛽1

�̅�

�̅�
𝜀𝑜𝜂𝑜]

[(
1

𝑟
−

1

𝑁
) 𝑆𝑦

2 + (
1

𝑛
−

1

𝑁
) (𝑆𝑥

2(𝐾𝑅 + 𝛽1)
2 − 2𝜌𝑥𝑦𝑆𝑥𝑆𝑦(𝐾𝑅 + 𝛽1)

                                           
)]

 
�̅�

�̅�

𝐾 =
𝜌𝑥𝑦𝑆𝑦 − 𝛽1𝑆𝑥

𝑅𝑆𝑥
= 𝐾(𝑜𝑝𝑡𝑖𝑚𝑢𝑚)

𝐾 

�̅�𝑀1

Min MSE(�̅�𝐾𝑁1) = 𝑆𝑦
2[𝑓𝑟 − 𝑓𝑛 ∗ 𝜌𝑥𝑦

2]

 

 

 



 

�̅�𝐾𝐵1

  �̅�𝐾𝐵1 = 𝛾1�̅�(1 + 𝜀𝑜)[2 − (1 + 𝜂𝑜)
𝐾] − 𝛽1�̅�𝜂𝑜

𝛾1�̅�(1 + 𝜀𝑜) [2 − (1 + 𝐾𝜂𝑜 +
𝐾(𝐾−1)

2
 𝜂𝑜
2 +⋯)] − 𝛽1�̅�𝜂𝑜

= 𝛾1�̅�(1 + 𝜀𝑜) (1 − 𝐾𝜂𝑜 −
𝐾(𝐾−1)

2
 𝜂𝑜
2 +⋯)− 𝛽1�̅�𝜂𝑜

= �̅� (𝛾1 + 𝛾1𝜀𝑜 − 𝛾1𝐾𝜂𝑜 − 𝛾1𝐾𝜀𝑜𝜂𝑜 − 𝛾1
𝐾(𝐾−1)

2
 𝜂𝑜
2 − 𝛽1

�̅�

�̅�
𝜂𝑜 + 𝑂(𝜀𝑜

2))

𝐵(�̅�𝐾𝐵1) =  (�̅�𝐾𝐵1 − �̅�)

�̅�𝐸 (𝛾1 + 𝛾1𝜀𝑜 − 𝛾1𝐾𝜂𝑜 − 𝛾1𝐾𝜀𝑜𝜂𝑜 − 𝛾1
𝐾(𝐾−1)

2
 𝜂𝑜
2 − 𝛽1

�̅�

�̅�
𝜂𝑜 − 1)

𝑖 = 1

�̅�𝐾𝐵𝑖  (𝑖 = 2 & 3)

 �̅�𝐾𝐵1

MinMSE (y̅KB1) = Y̅
2 [C1 − (

B1
2

A1
)]

𝐾 =
𝜌𝑥𝑦𝑆𝑦 − 𝛽1𝑆𝑥

𝑅𝑆𝑥
�̅�𝑀11

𝑀𝑆𝐸 (�̅�𝐾𝐵1) = 𝐸(�̅�𝐾𝐵1 − �̅�) 
2

�̅�2𝐸 [𝛾1 − 𝛾1𝐾𝜂𝑜 − 𝛾1
𝐾(𝐾−1)

2
𝜂𝑜
2 + 𝛾1𝜀𝑜 − 𝛾1𝐾𝜀𝑜𝜂𝑜 − 𝛽1

�̅�

�̅�
𝜂𝑜 − 1]

2

 =  �̅�
2
𝐸 [1 + 𝛾

1
2(1+𝜀𝑜

2 + 𝐾𝜂
𝑜
2 − 4𝐾𝜀𝑜𝜂𝑜)− 2𝛾1 (1 − 𝐾𝜀𝑜𝜂𝑜 − 𝐾𝛽1

�̅�

�̅�
𝜂
𝑜
2 −

                                                                                       
𝐾(𝐾−1)

2
𝜂
𝑜
2 + 𝛽

1

�̅�

�̅�
𝜀𝑜𝜂𝑜) + 𝛽1

2 �̅�
2

�̅�
2 𝜂𝑜

2]

=  �̅�2 [
1 + 𝛾1

2{1 + 𝑓𝑟𝐶𝑦
2 + 𝑓𝑛(𝐾𝐶𝑥

2 − 4𝐾𝜌𝑥𝑦𝐶𝑥𝐶𝑦)} − 2𝛾1

{1 − 𝑓𝑛 (𝐾𝜌𝑥𝑦𝐶𝑥𝐶𝑦 − 𝐾𝛽1
�̅�

�̅�
𝐶𝑥
2 + 𝛽1

�̅�

�̅�
𝜌𝑥𝑦𝐶𝑥𝐶𝑦 −

𝐾(𝐾−1)

2
𝐶𝑥
2)} + 𝛽1

2 �̅�
2

�̅�2
𝑓𝑛𝐶𝑥

2
] . . (𝐹)



 

 

𝛾1

 𝐾 =
𝜌𝑥𝑦𝑆𝑦 − 𝛽1𝑆𝑥

𝑅𝑆𝑥

𝛾1

 𝛾1𝑜𝑝𝑡 =
𝐵1

𝐴1

𝛾1𝑜𝑝𝑡

Min.MSE(�̅�𝐾1) =  �̅�
2   (𝐶1 −

𝐵1
2

𝐴1
)

𝑖 = 1

𝑇𝐾𝐵𝑖 (𝑖=2 & 3)

𝑀𝑆𝐸 (�̅�𝐾𝐵𝑖) =  �̅�
2(𝛾1

2𝐴𝑖 − 2𝛾1𝐵𝑖 + 𝐶𝑖)


